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Remarks  on  BIB  Designs  with  Repeated  Blocks 
by  L.  Pesotchinsky 

1.  Introduction  and  Summary. 

Let  V denote  the  set  of  v elements  1*2*... *v.  A balanced  incomplete 
block  design  with  parameters  v*  b*  r*  k*  X*  b*  denoted  further  as 
BIBD(v*b*r*k*x| b*)*  is  such  a set  of  b elements*  referred  to  as  blocks*  that: 

1)  each  block  contains  exactly  k elements  of  Y* 

2)  each  element  of  Y occurs  in  exactly  r blocks  and  each  pair 
of  distinct  elements  of  V appears  together  in  exactly  X blocks* 

3)  there  are  exactly  b*  distinct  blocks  among  all  b blocks  of  BIBD. 

If  b*  < b then  such  design  is  called  BIBD  with  repeated  blocks. 

The  construction  of  designs  with  repeated  blocks  has  interesting  applications 
in  experimental  designing*  controlled  sampling  and  some  other  fields.  As 
the  examples  we  can  consider  two  settings.  At  first*  suppose  that  an  industrial 
process  depends  on  v controlled  factors  x^*Xg*., . . *xy  and  also  on  some 
number  of  unknown  and  -uncontrolled  parameters*  the  situation  common  in 
industrial  conditions  when  x^*x^* . . . *x^.  are  technological  parameters  and 
the  others  are  conditioned  by  variation  in  raw  materials  and  so  on.  Then 
we  can  "tune-up"  the  process  by  changing  levels  of  controlled  parameters 
with  accordance  to  some  experimental  design  and  after  the  data  analysis 
find  the  optimal  levels  of  ' s * 1 < i < v*  corresponding  to  the  set 

of  unknown  uncontrolled  variables.  If  the  experimental  scheme  is  once 
established*  then  we  can  manage  to  perform  an  "up  to  the  moment  tune-up" 
under  the  condition  that  the  variation  of  unknown  variables  does  not  occur 
in  relatively  small  intervals. 
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From  a practical  point  of  view  it  is  too  risky  to  variate  all  v 
technological  parameters  simultaneously  because  we  can  reduce  the  effec- 
tiveness of  the  process  by  the  choice  of  points  too  remote  from  the  optimal 
one  established  on  the  previous  step.  As  usual  it  is  sometimes  impossible 
to  try  certain  combinations  of  x^'s  for  the  technological  reasons.  The 
solution  for  such  a setting  could  be  in  choosing  "experimental  units"  of  k 
factors  from  v and  including  in  a set  of  such  units  only  those  which  can 
be  realized  practically.  The  structure  of  the  design  inside  the  units  can 
be  arbitrary,  depending  on  our  knowledge  of  the  process,  consideration  of 
the  time  and  cost  conditions,  etc. 

It  is  easy  to  notice  that  the  choice  of  a BIBD  for  the  set  of  experi- 
mental units  would  provide  the  simplicity  of  the  scheme  and  equal  conditions 
for  all  x^'s,  as  well  as  meet  all  the  demands  above,  provided  we  could 
construct  such  BIBD' s including  "favorable"  (or  the  most  informative)  blocks 
and  excluding  "unfavorable"  ones. 

The  same  reasoning  can  be  implemented  in  a problem  of  controlled  sampling, 
when  the  goal  is  to  obtain  an  unbiased  estimator  of  the  population  mean. 

Without  going  into  details,  we  can  mention  that  if  the  population  size  is 
v and  sample  size  is  k,  then  the  sampling  design  based  on  BIBD  with  the 
block  size  k can  be  used.  And  like  above  it  is  desirable  to  include  in 
the  support  of  the  sampling  design  favorable  combinations  of  elements  and 
exclude  unfavorable,  the  latter  is  especially  important  if  we  have  to  exclude 
the  combinations  of  elements  with  the  same,  say,  geographical  or  economical 
conditions.  It  is  also  interesting  to  increase  the  measure  of  favorable 
combinations,  that  is,  to  copy  the  corresponding  blocks  maximal  possible 
number  of  times. 
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In  the  last  years  the  papers  of  Foody  and.  Hedayat  (1976),  'Wynn  (1975), 


van  Lint  (1971),  van  Lint  and  Ryser  (1972),  Chakrabarti  (1963)  and  many 

others  were  devoted  to  this  class  of  problems.  The  properties  and  algorithms 

of  construction  of  BIBD's  with  repeated  blocks  were  studied  and  some 

bounds  on  b*  were  obtained  in  the  above  mentioned  works. 

In  this  paper  the  structure  of  some  subsets  of  supports,  that  is 

specified  in  some  way  sets  of  distinct  blocks,  is  studied  and  a "conditional" 

inequality  for  obtaining  lower  (including  sharp)  bounds  on  b*  is  considered. 

Let  E denote  the  set  of  distinct  blocks  (support)  of  a BIBD  and  E.  — the 

<J 

set  of  distinct  blocks  repeated  j times,  j < X,  E = , E..  Thus,  if 

J ~ t] 

n_.  is  the  cardinality  of  E^.,  n_.  = |E^|,  then 


b*  = E nd 
1=1 


and 


(1.1) 


X 

b = Y.  0 ni  • 

1=1  J 

Among  all  BIBD' s with  the  fixed  values  v and  k we  can  specify 
those  with  the  least  possible  value  \q  of  X,  denoting  them  as 
3 = BIBD(v,b0,rQ,k,X0|b*),  where  b*  is  the  minimal  value  of  b* 

corresponding  to  bQ. 

Wow  it  is  interesting  to  find  out  what  could  be  the  values  of  b*’ s 
for  BIBD' s with  X = t\Q  and  how  the  sharp  bounds  on  b*  could  be 
obtained.  Also  from  the  point  of  view  of  applications  the  structure  of 
E. *s  and  especially  of  E^,  that  is  of  the  set  with  the  blocks  copied 
maximal  number  of  times,  is  of  some  interest. 
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In  section  2 we  consider  the  case  of  = 1.  The  structure  of  E, 

U A 

and  loxtfer  bound  on  b*  (if  b*-bg  >0)  are  found.  The  bound  obtained 
is  sharp  either  for  any  fixed  k,  or  if  k = 3 for  arbitrary  v not 
equal  to  9- 

In  section  3 an  inequality  for  lower  bound  of  b*  depending  on 
cardinality  of  is  obtained  and  some  examples  are  given,  including 

the  sharp  bound  b*  > 22  in  case  of  v = 8,  k = 3,  the  corresponding 
design  was  constructed  by  Foody  and  Hedayat  (19?6). 


2.  Designs  with  Repeated  Blocks  and  = 1. 

Suppose  that  a BIBD(v,b,r,k,\ |b*)  =3  is  not  merely  a \ -repetition  of 
a BIBD  00  with  = 1,  that  is  b*  > bQ  - b*  = • We  can 

now  the  lower  bound  for  b*-bQ. 

Theorem  2.1.  Under  the  above  condition  b*-b0  > 2(k-l).  For  the  proof 
assume  that  there  exist  two  elements  a and  P such  that  their  pair 
inclusion  occurs  in  some  block  of  E^,  and  in  E’  = E1  U Eg U • • • U E^  ^ 
exist  blocks  with  ct  and  p.  Then  assume  that  their  exists  such  element 
i that  pair  inclusions  ai  and  Pi  belong  to  E' . Then  the  minimal 
number  of  distinct  blocks  in  E'  with  these  inclusions  is  equal  to  4 iff 


they  are  as  follows: 


cti  i ...  i 

3 k 

ai 

D3  ••• 

pi  i^  • • • ik 

Pi 

... 
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In  the  same  way.,  considering  inclusions  ai.,  and  Pi , we  come  to  the 
conclusion  that  the  minimal  number  of  distinct  blocks  in  E1  containing 
ol  and  P is  equal  to  4 (k-l).  This  number  corresponds  to  the  situation 


with  even  X. 


iff  E'  = 


\/2 

by  four  matrices  [k-l  x k] : 


and  the  structure  of 


V 


is  represented 


(a|M)  , (a|M*)  , 0|  M)  , 0|  M*) 

2 

where  M,  M*  are  matrices  [k-l  x k-l]  with  the  same  distinct  (k-l) 
elements,,  any  any  two  rows  of  M and  M*  have  exactly  one  common  element 
(e.g.  M*  can  be  the  transpose  of  M). 

Now,  if  we  can  not  find  such  a and  P as  assumed  above,  then  either 
E^  = </>  and  it  means  that  any  pair  inclusion  belongs  to  at  least  two  blocks, 
thus  b*  > 2bQ,  or  E'  is  itself  a BIBD  3 ' with  v = v* , r = r'  b = b' 
and  k,  X as  in  J . For  the  number  of  blocks  in  E^  we  have 


v(v-l)-v'  (v1  -l) 
k (k-l ) 


and  it  implies  that  for  3 * = 1.  Then 


ir'  (v*  -1 ) 
k(k-l) 


= b'  > v' 
o — 


thus 


v»-l  > k(k-l) 


and 


b5*>  Zb'Q  > 2k  (k-l) +2  > 4 (k-l) 
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(b1*  > 2b))  because  any  pair  of  E'  belongs  to  at  least  two  blocks, 
otherwise  there  is  a block  repeated  \ times,  contradicting  the  fact 
E'HK  = <f>).  Also  if  such  a and  P exist  but  we  can  not  find  i 
that  ai  and  Pi  both  belong  to  E* , then  we  can  consider  separately 
sets  of  blocks  with  a and  P,  say  E^  and  E£,  Ej^,  E£  c E* , E^  n = <t> 
and  so  on. 

To  complete  the  proof  we  can  write 

k-l 

b*  = + Yt  > n^  + 4 (k-l) 

and 


(once  again,  the  latter  because  any  pair  of  elements  which  occur  in  E' 
appears  at  least  in  two  distinct  blocks).  Both  these  inequalities  imply 

b*-b0  > 2 (k-l)  . 

Note:  In  the  same  manner  as  above  we  can  show  the  potential  existence  of 
the  designs  with 


b*  = ’Oq  + 2 (k-l)  + 2p  , 

where 

0 < P < r-k+1  = - (k-l)  . 

The  existence  of  such  designs  is  proved  below. 

Examples. 

2.1.  Let  us  considei  a permutation  of  two  elements  and  oc  in  a 

BIBD  (v,  bQ,  rQ,  k,  l|bQ)  = _5Q.  By  this  method  we  obtain  BIED  3 q> 
!j  q and  have  exactly  bQ  - 2(rQ-l)  common  blocks,  and  thus  a 
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BIBD  $ = U J q has  b*  = bQ  + 2(rQ-l)  distinct  blocks.  Wow,  if 
rQ  = k+p,  we  have  the  design  as  in  theorem  2.1  above.  The  lower  bound 
is  reached  for  rQ  = k , that  is  for  symmetric  BIBD  with  v = k(k-l)+l. 

2.2.  For  k=3  the  symmetric  BIBD  corresponds  to  v = 7j  and  since 
any  BIBD  with  k=3  and  v > 15  contains  at  least  one  subsystem  of 
blocks  isomorphic  to  3q  = BIBD  (7,7*3, 3, l/7 ) the  bound  can  be  reached 
also  for  any  v > 15.  If  v = 13  and  k = 3,  we  can  use  nonisomorphic 
designs  3^  and  as  presented  by  Hall  (1967,  p.  237)  to  obtain  the 

same  result,  and  for  the  exclusive  case  of  v = 9 we  can  prove  that 
b*-b0  > 6.  Really,  if  b*“bQ  =4  in  this  case,  then  the  structure  of 
E'  is  as  in  theorem  2.1  and  only  6 elements  are  engaged  in  E' . But  then 
in  8 blocks  of  we  should  have  occurrence  of  each  of  the  rest  3 

elements  four  times,  which  can  be  done  only  in  10  blocks.  Thus  the 
construction  of  a BIBD  with  b*  = bQ+4  is  impossible  In  this  ca.se.  On 
the  other  hand  b*  = bQ+ 6 can  be  reached  as  in  example  2.1)  above. 

In  the  next  part  of  the  section  we  will  find  the  conditions  under 
which  a set  E^  of  blocks  is  a part  of  support  of  a BIBD. 

Lemma  2.1.  Let  5 be  a BIBD  with  X > 1 and  the  support  of  3 .consists 
of  E^  and  E'  = Suppose  there  exists  a BIBD  with  XQ  = 1 

which  support  contains  E^.  Then  exists  a BIBD  3 qi  with  XQ  = 1 with 
the  support  containing  E^  U a^ , where  a^  is  an  arbitrary  block  of  E' . 

For  the  proof  let  us  denote  the  incidence  submatrix  corresponding  to 
E'  as  = [n1  x v],  Xn^  + n'  = bQX. 
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Dae  to  the  condition  of  the  lemma  there  exists  such  a set  of  blocks 
E*  that  the  matrix  A*  corresponding  to  it  satisfies  the  equation 


B^  = A^L  = A.A*TA*  = \B*  . 


Suppose,  that  we  can  not  construct  E*  with  A*  having  a^  as  its 
first  row.  Then  for  any  set  of  blocks  b^,b^, . . . ,bn, 


T njA 

B-,  -ala  - X b / (\-l)B*  , 
j=2  J 


it  means  that  we  can  not  construct  E*  without  a^,  contradicting  the 
assumption. 

The  lemma  enables  us  to  prove  the  main  result  of  the  section: 

Theorem  2.2.  A set  E^  of  blocks  copied  A.  times  is  a part  of  support 
of  a BIBD(v,b,r,k,A.|  b*)  iff  it  is  a part  of  support  of  a 
BIBD  ( v, bQ , rQ , k , 1 1 bQ ) . 

Proof.  We  can  use  the  induction  with  respect  to  the  parameter  n^ 

The  basic  statement  for  = 1 or  2 is  evident,  and  suppose  the  statement 

if  = n+1,  we  can  construct 
(a1  e 

of  blocks  E*  that  {E^\a^}  U E*  is  the  support  of  a BIBD  with  \ = 1. 
Then  we  can  use  lemma  2.1  with  block  a^  added  to  E’  A.  times  to  prove, 
that  there  exists  a set  of  blocks  E*  containing  a^.  Thus  the  proof  is 
accomplished. 

Examples . 

2.3*  Let  us  consider  a BIBD  with  v = 7,  k = 3«  Since  any  two  blocks 
of  such  design  with  A.  = 1 (bQ=7 ) have  one  common  element,  it  follows 


using  the  assumption  for  the  set  of  blocks  E^\a^ 


E^)  such  set 


of  the  theorem  is  valid  for 


*k  = 


n.  Then, 
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from  theorem  2.1  that  can  consist  of  1 or  3 blocks , because  any 

two  blocks  determine  the  third  with  the  common  element  and  four  blocks 
determine  the  other  three.  On  the  other  hand  it  means  that  b*  > 11  If 

2.4.  For  the  same  situation  the  fact  n^  = 1 or  3 implies  that  if 
b*  = 12,  then  n^  = 3 (else  b*  > 13 )>  and  it  means  that  all  7 elements 
belong  to  E^.  The  number  of  blocks  9 in  E!  multiplied  by  3 (the 
number  of  pairs  in  each  block)  is  the  total  number  of  pairs  in  E' , and 
since  we  must  have  12  distinct  pairs  in  E'  we  can  write 


, because  then  n <3. 


\ \ 

(2.1)  £ x = 12  , I j x.  = 9-3  , 

0=2  J 0=2  J 


where  x.  is  the  number  of  pairs  which  belong  to  o distinct  blocks. 

(2.1)  implies 


\ 

(2.2)  £ (0-2)x  = 3 , 

0=3  J 

but  with  any  pair  of  elements  we  can  have  at  most  2 blocks,  because  the 
elements  of  such  pairs  already  belong  to  E^  with  in  total  3 other 
elements,  thus  x..  = 0 for  3 > 3 contradicting  (2.2),  So  the 
construction  of  BIBD  (7,b,r,k,\| 12 ) is  impossible.  The  reasoning 
above  can  be  illustrated  by  the  following  construction:  without  loss 
of  generality  we  can  have  E^  = 123,  145,  l67j  then  with  any  pair,  say 
24,  we  can  have  in  E'  only  2 blocks  (246  and  247),  thus  x.  = 0 for  j > 3. 
In  the  same  way  we  can  prove  that  a BIBD  with  b*  = b^  + 2(k~l)+p  does 
not  exist  for  p < k-1. 
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For  the  values  of  X > 2 we  can  not  expect  meaningful  results  charac- 
terizing the  properties  of  different  sets  E.  e E with  respect  to  the  design 

D 

3 with  X = > 2,  because  the  latter  itself  can  have  repeated  blocks. 

The  study  of  supports  of  such  designs,  namely  with  X = Xq  > 2,  could  be 
simplified  by  constructing  the  "minimal”  design  with  the  least  size 

of  support  bQ.  This  problem  is  difficult  itself  and  a method  for 
evaluating  b*  is  considered  in  the  next  section. 


3 • The  Conditional.  Bounds  for  the  Support  Size. 

We  will  now  use  the  information  about  the  size  of  to  obtain  some 
bounds  on  b . As  our  sources  of  such  information  we  can  use  either 
theorem  2.2  (for  the  case  of  XQ  = l),  or  some  auxiliary  facts,  such  as 
e.g.  theorem  10.2.2  from  van  Lint  (I97t,  P*  100 ).  The  latter  states 
that  if  blocks  b^  and  b^  occur  e^  and  e^  times  in  E and  X^ 
is  the  number  of  objects  common  to  both  of  them,  then 


(3.1) 


\k  - r\no  2 

% - *)(§-  - k)  > <— sgc-aS)  • 


In  particular,  if  ej_  ~ e2  = then  = 0 or  1 and  since  r 

we  have  from  (3-1) 


k(v-l) 

k-1 


/V-l  , ,2  ^ k2(k-l)2  ^ 

- k)  ^ ,;£■  (if  ha  ” 0) 

(v-k) 


(3.2) 


or 


(FT  ~ k)2  > — --"I--1-'-  (if  X = 1)  . 

“ (v-k)2  12 
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so  with 


It  follows  from  the  first  inequality  of  (3.2)  that  v > k > 

2 

v < k we  can  not  have  disjoint  blocks  in  EL^.  If  v = 8 and  k = 3 
we  can  prove  the  stronger  fact. 

Lemma  3.1.  For  the  BIBD  ( 8 , 56  g>  21  j,  3,  \|b*) 

\*  l\l  s1  • 

2 

Since  here  v < k we  have  to  prove  only  that  two  joint  blocks  can  not 
be  included  in  (obviously  we  can  not  have  in  E^  three  of  them). 

Suppose  that  two  such  blocks,  say  123  and  1U5  are  in  E^.  Then 
it  follows  that  three  blocks  with  element  1 and  other  elements  must 
be  included  in  E^/g.* 


167 j 168,  178  € E^/2 


Then  we  can  write,  denoting  the  number  of  copies  of  block  ijk  as  e.  , 

1 JK 


£ ei&;p  = \/2,  where  = 67,  68  or  78 


(3.3)  and 


i=2 
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X ei  -ire  = x>  where  ij  = 2k,  25,  3k,  or  35 
a=6 


For  the  number  of  pair  occurrences  of  the  elements  2,  3>  U,  5 with  the 
elements  a = 6,  7,  8 we  have 


(3.10 


5 

2 E eija  + .£  eiap  = kx  > where  6 < p < 8 and  ij 

6^ 


as  in  (3*3).  Taking  the  sum  over  Q£  = 6,  7j  8 we  obtain  from  (3.3) 
and  (3.10s 
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2 • 4X  + 2 • ~ = 12X 


The  contradiction  proves  that  two  joint  blocks , as  well  as  disjoint  ones* 
can  not  be  included  in  E^. 

From  the  equation  (l.l)  we  can  find  that  for  even  X 


(3-5a) 


. X/2-1 

| (b*-V  = b-^  * l ak 

k=l 


where  <X  = 


“l 


Wl 


Vk 


and  for  odd  X 


(3-5b) 


X-3 

2 


| (b*^)  - + | (a  £ 


k:l 


\ , 

\ + ^ ‘ 


The  values  are  non-negative,  because  any  pair  which  occurs  in 

E^  ^ must  appear  at  least  once  (in  E^)  or  more  (in  other  subsets  E^. 
with  j < k).  Moreover,  if  9,  = 0,  then  cl.  =0  for  all  i < k. 

Then,  if  the  value  ly  is  the  maximal  one,  we  must  have  cc^  > 0 for 

all  k,  because  otherwise  the  same  design  could  be  obtained  by  coping  all 

k k 

the  blocks  of  U . , E.,  . X times  and  deleting  the  blocks  of  U . , E. , 

1 — -L  Ai  — 1 1 -*-1  1 

thus  increasing  the  value  of  n^. 

Hence  in  general  case  we  have  from  (3-5) 


(3.6a) 

and  if  is  the  maximal  one. 


b*  > Shnil . . 

- k(k-l) 


(3.6b) 
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For  v = 8,  k = 3 (3*6b)  gives  us 


b*  > 19  , 


and  for  v = J , k = 3 and.  b > 7 we  can  obtain  once  again 


> 11  (since  ry  < 3 ) 


We  can  also  use  the  fact  that 


(3.7) 


l/2 


where  [x]  is  an  integer  part  of  x.  Thus  for  v = 8,  k = 3 we  have 


5*  n . < 8 . 

i>\/2 

((3-7)  simply  states  that  any  pair,  which  appeal's  in  one  of  the  sets  E., 
j > \/2}  can  not  occur  in  any  other  of  these  sets.  So  [~~]  is  the 
maximal  number  of  blocks  with  the  fixed  element  which  could  belong  to 


U E.). 

d >\/2  3 


More  sharp  bounds  on  b " could  be  obtained  if  the  values  cx  were 
properly  estimated.  This  is  done  below  for  the  case  of  v = 8,  k = 3 
and  Xq  = 

■%r 

A BIBD  with  bQ  = 22  was  constructed  recently  in  the  paper  of  Foody  and 
Hedavat  (1976), and  here  we  will  prove  that  22  is  the  sharp  lower  bound 
tor  bp. 

WS  will  consider  separately  different  values  of  the  sum 
ng  + n^  + n^  = t < 8,  and  we  also  need  the  following  fact: 
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Lemma  3»2.  Let  us  consider  a set  E^y^  from  a support  of 

BIBD  (8,  56  g-,  21  g-,  3,  \|b*).  Then  at  least  one  pair  of  each  block 

of  1 \/2.  ^oes  n°t  occur  in  two  blocks  of  E^yg. 

For  the  proof  suppose  that  all  three  pairs  of  one  block,  say  123, 
belong  to  E^ /^,  it  means  that  three  blocks  122,  13P,  237  also  belong 

t0  \/2- 


Each  of  the  elements  1,  2,  3 has  to  appear  in  — -g-  = 2\  other 
blocks  of  BIBD,  and  we  have  to  consider  now  three  possibilities, 
corresponding  to  the  cases  when  all  of  a,  £,  7 are  distinct  and  two 
or  three  of  them  are  the  same.  If  e.g.  a = £ £ 7 then  a has  to  be 
in  \/2  blocks  with  each  of  the  elements  2,  3 and  hence  in 
uj-  - X - 2 • blocks  without  1,  2,  3.  But  we  have  4 ^ + 3 *2\  = 8\ 

blocks  with  1,  2,  3 in  BIBD  so  the  total  number  of  blocks  exceeds  or  is 
equal  to  8x  + > 56  which,  is  impossible. 

The  other  cases  can  be  treated  in  the  same  way. 

In  particular,  it  follows  from  the  lemma  that  if  v^y^  and  \\/2 
denote  respectively  the  numbers  of  pairs  occurring  in  E^yg  ^ 
times,  then  < \/2  and  since  2\/2  + *\/2  = '>\/ 2 ’ 


(3-8) 


•V2  “ ^/2  - V\/2  * 


Now,  if  t = 8,  then  h pairs  which  do  not  occur  in  E^g  = E^UE^UEg, 
do  not  have  common  elements.  It  means  that  they  can  not  belong  to  one 


block  and  thus  n^  = 0,  £ eia(3  = where  are  those  4 pairs 

ap,i 

and  i j Q!,P.  So  6n^  + 5n,_  + 4n^  = 32  and  thus  ng  = n^  = 0,  n^  = 8. 
Since  we  can  not  have  n^  = 0 for  all  odd  i = 1,3  >5  (otherwise  it  would 


be  possible  to  construct  a BIBD  with  v - 8,  k = 3 and  \ = 3),  we  must 
have  n^  > 0;  the  pairs  of  E^  must  be  there  an  even  number  of  times, 
so  n^  is  even  and,  moreover,  n^  > 4.  Now  in  our  case  (X  > 4 and 
= 3 (n^+ng-n^ ) > 3*4,  because  4 pairs  Ctp  must  appear  at  least  in 
three  different  blocks  each,  so  from  (3.5) 

3b*  > 56  + 4 + 4 , which  yields  b*  > 22  . 

In  the  same  way  we  can  prove  that  if  t = 7,  then  b*  > 22.  The 
only  difference  is  that  we  can  have  either  a block  in  E^  (which  was 
in  E^,_g  above),  or  E^g  does  not  contain  one  element  (that  is, 
represents  a support  of  a BIBD  with  v = 7),  in  the  latter  case  b*  > £8. 
For  t = 6 we  have  to  consider  the  possibilities  of  1,  2,  3 or  even  4 

blocks  which  could  be  included  in  E,. 

3 

As  an  example  we  can  study  the  case  of  4 blocks,  and  we  can  easily 
prove  that  it  corresponds  to  and  E^,_g  as  below  (the  sets  are 

unique  to  within  equivalence ): 

E456  = 157,  268,  356,  378,  458,  467 
E^  = 123,  124,  134,  234. 

It  follows  from  lemma  3.2  that  all  four  blocks  can  not  be  included  in 
E y Moreover,  we  can  prove  that  any  three  of  them  can  not  be  included 
either. 

Suppose,  that  123,  124,  134  e E^.  Then  we  have  with  elements  1,  6 
and  8 the  only  blocks  156,  158,  167  and  178,  but 

el56  + el58  = ei67  + el78  = 6 el57  * 
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thus  the  sum  of  numbers  of  pair  inclusions  1 6 and  18  is  less  than  12, 
which  is  impossible. 

If  only  two  blocks,  say,  123,  134  belong  to  E^,  then  we  can  find 
-n^)  > 2.4+3. 5 (it  means  that  each  of  4 pairs 
from  E^,  12,  l4,  23  and  34  must  appear  at  least  in  two  blocks  of  U E^ 

and  each  of  5 pairs  24,  l6,  18,  25,  27  — in  three  blocks)  and 

3°^  = 3 (n^-n,_ ) = 4-+2p  (the  right-hand  part  represents  four  pairs  from 
E^  which  have  to  be  in  E^,  and  p pairs  which  must  be  doubled).  It 
can  be  easily  shown  that  p > 1,  and  thus  p > 4,  so  from  (3*5) 

3(b*-l)  > 50  + 4 + ~ and  b*  > 22.  For  n^  < 1 the  result  follows 
straight  from  (3*5)- 

Fo,r  t = 5 we  can  prove  that  the  maximal  number  of  blocks  in  E^ 
is  fivej  then  we  have  15  pairs  which  occur  in  E^g,  at  most  5 (=  ) 

pairs  which  occur  six  times  in  E^  and  at  least  5 (=  p^)  — which  are 
in  E^  three  times,  so  for  p,.  = = 5 we  have  as  above 

3Q^  = 3(n^-n^)  = 5+2p,  P here  is  equal  to  2,5>***  • For  p=2  the 

solutions  of  the  equations 


that  3a2  = 3 (n-L+n2-nii 


n4+n5+n6  = 5 
"l  ‘ n5  = 3 
”3  = 5 


can  give  us  b*  = £ = 21  if  n^  = 1,  n^,  = 5>  = 8~nc^  = n^+3 

and  n^  = 0,1, 2,3  or  4,  and  we  can  verify  that  for  such  values  of  n. 
BIBD  can  not  be  constructed. 


l6 


The  other  case,  p=5 > leads  us  to  the  BIBD  from  the  paper  of  Foody 
and  Hedayat  (1976),  and  if  p^  > 5 > v^,  then  we  can  use  (3.5)  to  prove 
that  b*  > 22: 

We  have 

3n1  = 3n^  + p^  + 2p  , 

5n3  = 2v3  + ^3 

(3-9)  and 

3^2  = 3 (i^+ng-n^-n^ ) > 2p^  + 3 (13-v^-p^)  , 

the  latter  simply  states  that  each  of  p^  pairs  must  'appear  in  E^UE^ 
at  least  in  two  blocks  and  each  of  28-15 -p^-v^  pairs  which  do  not 
belong  to  E^gUE;,  — at  least  in  three  blocks.  These  equations  imply 

al4a2  = ^nl"n5^  + ^nl+n2’11L"n5^  = 15  - V3  + ~ > 

9 + ^ (since  < 4)  J 

and  thus,  because  2p/3  is  an  integer,  from  (3.5)  follows  b*  > 22. 

At  last  we  can  consider  the  cases  with  t < 4.  As  in  (3*9)  we 
can  write 

3(i ^-n5)  = |i5  + 2p 

and 

a,  + a:  > 28  - 3t  - v*  + ~ . 

1 2 — 3 3 
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Now,  from  28 -3 t pairs  each  may  occur  in  0,  1,  or  2 blocks  of 
Ey  and  we  have  with  the  help  of  (3*8)  3n_.  = v,  + (v^+[x^)  < n^+(28-3t) 

and  thus 


ru  < 14 

3 — 


3t 

2 * 


Then 

V’a  > lk  - T * f 

and  as  above  it  implies  b*  > 22  for  all  cases  but  one:  t = 4 and 
= pj  = n^  = 8.  For  the  latter  we  can  prove  on  the  other  hand,  that 
P > 2,  thus  P > 5 and  from  (3*3) 

b*  > 22. 


So  the  sharp  lower  bound  for  b*  is  22.  In  the  mentioned  above  paper 
by  Foody  and  Hedayat  it  is  shown,  that  for  any  b*  > 22  there  is  a BIBD 
with  the  support  size  b*. 

The  author  is  grateful  to  Professors  J.  Kiefer  and  A.  Hedayat  for 
having  introduced  me  to  the  problem  and  for  helpful  discussions. 


18 


References 


1.  Chaekrabarti,  M.C.  (1963),  "On  the  use  of  incidence  matrices  in 
sampling  from  finite  populations."  Journal  of  the  Indian  Statistical 
Society , 1,  78-85* 

2.  Foody,  W.  and  Hedayat,  A.  (1978),  "On  theory  and  application  of  BIB 
designs  with  repeated  blocks."  Annals  of  Statistics  (to  appear). 

3*  Hall,  M.  (1967),  Combinatorial  Theory,  Blaisdell  Publishing  Company. 
4.  van  Lint,  J.H.  (197*0,  Combinatorial  Theory  Seminar  Eindhoven 
University  of  Technology.  Lecture  notes  in  mathematics  No.  382. 
Springer-Verlag,  N.Y. 

5*  van  Lint,  J.H.  and  Ryser,  H.J.  (1972),  "Block  designs  with  repeated 
blocks."  Discrete  Mathematics,  3_,  381-396* 

6.  Uynn,  H.P.  (1975),  "Convex  sets  of  finite  population  plans." 

Annals  of  Statistics  (to  appear). 


19 


UNCLASSIFIED 


SECURITY  CLASSIFICATION  OF  THIS  PAGE  (When  Data  Entered) 


REPORT  DOCUMENTATION  PAGE 


!.  report  number 


12.  GOVT  ACCESSION  NO. 


READ  INSTRUCTIONS 
BEFORE  COMPLETING  FORM 
3.  RECIPIENT'S  CATALOG  NUMBER 


*■  TITLE  (and  Subtitle) 

Remarks  on  BIB  Designs  with  Repeated  Blocks 


7.  AUTHORf*> 


Leon  Pesotchinsky 


5.  TYPE  OT  REPOST  6 PERIOD  COVERED 

TECHNICAL  REPORT 


S»SRPOWHIMQ  QRG.  REPORT  NUMBER 


»•  CONTRACT  OR  GRANT  NUMBER(«> 


DAAG29-7T  -G-0031 


9.  PERFORMING  ORGANIZATION  NAME  AND  ADDRESS 

Department  of  Statistics 
Stanford  University 
Stanford,  CA  9^305 


It.  CONTROLLING  OFFICE  NAME  AND  ADDRESS 

U.S.  Army  Research  Office 
Post  Office  Box  12211 
Research  Triangle  Park,  NC  2770 


■ MONITORING  AGENCY  NAME  A ADDRESS^?  dlHenmt  tram  Conlsvltlne  Ofitct) 


IS.  DISTRIBUTION  STATEMENT  (a I this  Hope tl) 


IS.  PROGRAM  ELEMENT.  PROJECT,  TASK 
AREA  a WORK  UNIT  NUMBERS 


P-14435 -"M 


12.  REPORT  DATS 

April  3,  1978 


IS.  NUMBER  OF  PAGES 

19 


15.  SECURITY  CLASS,  (el  (Me  report) 


DECLASSIFIED 


Approved  for  Public  Release^  Distribution  Unlimited, 


t7.  DISTRIBUTION  STATEMENT  (ol  abstract  urtseod  In  Blosk  20,  IS  different  front 


19.  SUPPLEMENTARY  NOTES 

The  findings  in  this  report  are  not  to  be  construed  as  an  official  Depaxtmeni 
of  the  Army  position,  unless  so  designated  by  other  authorized  documents. 
This  report  partially  supported  under  Office  of  Nax’ul  Research  Contract 
N00014-76-C-0475  (NR-042-267)  and  issued  as  Technical  Report  No.  256. 


19.  KEY  WORDS  (Continue  on  e&vors*  t»l<lo  II  tf cw*>ry  tstnd  IdcmClty  by  Alooir  mass&of) 

Balanced  Incomplete  Block  Design  (BIBO),  Repeated  Blocks, 
Controlled  Sampling,  Experimental  Designing,  Support  Size. 


20.  ABSTRACT  ( Continue  or  rovefsc  *id*  .7  mad  identify  bf  Wo«&  t?iosfeer) 

Please  see  reverse  side. 


I JAN  73  1473  EDITION  OF  9 NOV  SE  IS 
S/N  0102-014-  8601  I 


OBSOLETE 


UNCLASSIFIED 

SECURITY  CLASSIFICATION  OF  THIS  PADS  fSftws  Dele  Bniettdt 


SECURITY  CLASSIFICATION  OF  THIS  PAOe  (Wi M Data  Ent»r*<l) 


For  the  BIB  designs  -with  repeated  blocks  the  properties  of 
some  subsets  of  support  are  studied  as  -well  as  the  use  of  conditional 
bound  on  the  support  size.  If  the  parameters  v and  k are  such 
that  a BIB  design  with  X = 1 exists,  then  the  results  provide  the  lower 
bound  for  the  support  size  not  equal  to  the  minimal  one  and  characterize 
the  subset  of  blocks  copied  maximal  number  of  times. 

With  the  help  of  conditional  bound  the  sharp  lower  bound  22  is 
obtained  for  the  BIB  design  with  v = 8,  k = 3 and  X = 6,  the  corres- 
ponding design  constructed  by  Foody  and  Hedayat  (15^6). 


256/16 

UNCLASSIFIED 


SECURITY  CLASSIFICATION  OF  THIS  PAOtr»ft«i  DUt  Knl0f»4> 


